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Abstract

In this text, we survey prominent Gradient Descent techniques for
optimization. Both, deterministic and stochastic methods are reviewed, such
as SGD, Momentum, AdaGrad, ADAM and NAG. Convergence analyses
of these algorithms are given, for objectives with various constraints on
convexity, strong smoothness and strong convexity. Particularly for Adam,
we review a recent work showing that the algorithm does not always
converge, and restate the rigorous proof of the counterexample. Finally,
the text aims to act as a reference for the reader to refer to convergence
analyses of the above-mentioned methods, along with certain comments on
the performance of these methods.

1. Introduction

Gradient descent is an optimization algorithm used to minimize a function by iteratively moving in the
direction of steepest descent as defined by the negative of the gradient. (Ruder, 2016). Gradient Descent
was formulated by Cauchy (1847) centuries ago. Many variants of this method have arrived, since, and are
used in various fields.

Gradient Descent is predominantly used in training Deep Networks. More specifically, variants of Gradient
Descent with Stochastic Update rules are used.

This survey aims to look at various variants of Gradient Descent and analyze the convergence of each variant
in simple settings.

2. Preliminaries

2.1. Notation

We follow the general notation, where x* is an optimal point to be learned, i.e. a local minima w.r.t.
to a function, say f : X — R, where X C R? is the intersection of the domain set of f and the feasible
set of points. The point x’ represents our approximation of the optimal point at a time step ¢, and
the point X represents the optimal point as estimated by the algorithm.



2.2

We are now equipped with the basic tools sufficient to tackle the analysis of gradient based optimization
methods. We discuss some of the deterministic methods in the next section, followed by Stochastic Methods of
optimization in Section 4. We then conclude with some comments on the different techniques of optimization.

3.

De
ste

With an abuse of notation, we assume g to be the same as M 'a, where a € R and M € R?*? and
(.) or (.)'/? to be element-wise square root operators.

Convex Functions

Convexity of a function simplifies the complexity of optimization by inducing inequalities that are
helpful for convergence. Below, we define the condition for a function to be convex.

Definition 1.1 (Convex Fucntion). A function f : X — R is said to be convex, iff Vx,y € X,

fy) =z f®)+(Vfx), y—x) (1)
If a function f : X — R is convex, then all the following inequalities are equivalent,

1. Vx,ye X
fy) = &)+ (Vfx),y—x)

2. Vx,y € X and Va € [0,1]
flax+(1-a)-y) < a f(x)+(1-a) fly) (2)
3. If f is twice differentiable, then Vx € X

Vif(x) = 0 (3)

Below, we define two other inequalities, Strong Convexity and Strong Smoothness, that if a function
satisfies, we can prove stronger convergence bounds for that function.

Definition 1.2 (Strong Convexity). A function f: X — R is said to be a-SC ! if Vx,y € X,
«
fy) =z fO)+({VIx), y=x)+ 5 lly —x]; (4)

Definition 1.3 (Strong Smoothness). A function f: X — R is said to be a-SS if Vx,y € X,

) € SOV y xSy - xl, )

Deterministic Methods

terministic Methods of optimization use the actual value of the function f to compute the optimization
p. We will discuss this in more detail when we discuss stochastic methods of optimization. We discuss three
such methods of optimization, Vanilla Gradient Descent, Momentum and Nesterov’s Accelerated Gradient

Method and discuss their convergence under certain conditions.

La-SC (a-SS) denotes that the function is a-Strongly Convex (a-Strongly Smooth)



The convergence of an algorithm is measured using the regret of the algorithm, which is defined, for a data
point x as

Rix] £ f(x)-f(x)

Therefore, our objective, when we are showing the convergence of an method is bound the regret of that
function.

The algorithm for Vanilla Gradient Descent is given in Algorithm 1. Most descent algorithms follow the same
rules, with minor additions and improvements to the optimization (update) step. The function h determines
the form of the output, for example, h can be an average function, i.e. h(x!...xT) = % 23:1 x!, or we can
simply set h to return the last time step’s estimate, i.e. h(x'...xT) = xT.

Algorithm 1: Deterministic Gradient Descent

Input:  Step sizes {n; > O}tT:1 and a function h : § — X where S is a sequence of data
points.

Output: X € H, where X =h (x(l) .. .x(T))
Steps:
1. Initialize x° € H

2. Fort=1...T, do

Vf(x") (Gradient Step)
X = xX'—ap-g (Optimization Step)

0
I

3. Returnx=h (x1 .. .XT)

3.1. Gradient Descent

Vanilla Gradient Descent iteratively solves the optimization problem, using the gradient of the function
f at a time step. The idea is to update the parameter x in the opposite direction of the gradient of
the optimization objective.

The projection step ensures that the predictions remain within the feasible set of points, i.e. X.

In case of Vanilla Gradient Descent, the values of {at}z;l are kept to be equal to the step sizes.
Therefore, the update step can be written as

x* = xt - V(X)) (VANILLA GD)

In the follow subsections, we discuss the convergence and the necessary conditions required for this
convergence for different settings for the optimizer function f.

Note. For the rest of the article, we use ®; to denote the difference between the ¢ estimate of the
optimal point and the real optimal value, i.e. f (xt) — f (x*) and Dy to denote the difference between
the current point estimate and the optimal point, i.e. H xt — x*
function which basically defines the potential at a time step.

|2. ®,; is known as the Lyapunov



The convergence analysis were borrowed from the analysis discussed in the class of CS777, IITK Alam
(2018).

3.1.1. When f is Convex with Bounded Gradients
First, we state the result, and later we give the derivation for the result.

Theorem 1.1. If f: X — R is convex and Vx € X, V f (x) exists, then for bounded gradients,
we say

1 & 1
VY%, < —D,-G 6

Proof. From the convexity (equation 1) of the function f, we have
<Vf (Xt) , x! —x*>

1

- <77-Vf (xt), x! fx*>

n

Py

IN

Here, we mention two properties, which will be used here, as well as a few times in later proofs
Property 1.1. For any two vectors a,b € R™,

a

2 2 2 b 2 2 2
la+blly—llall =[bl; = 2{( b = laly+[bl;—la=bl; (7)
Using property 7a, we can write the above inequality as

2+ VI ) =l = Vf () =

b, < L (th—x*

)

< L (oreger o)

1 T
DU (ISR B E
t=0 n
1 <& 1
= 7% = g Di+g
t=0

Since this inequality is true for any choice of 7, we can minimize the RHS with respect to 7 to
get an even stronger bound.

Therefore, we get

Nl =
g
g
IA

_

Dy -G
vy WT °

This proves theorem 1.1 O



However, how does the above inequality ensure that gradient descent actually gives us a good
estimate of the optimal point x*? This can, in fact, be seen as another result of convexity in
the function, since, using the convexity properties of f, we can claim

IS 1 t 1 *
FE = FlFlx] < DG )

1

N ®

Hence for a case when the function f is convex and has bounded gradients, we can say that our

regret is bounded with an order of O (%), given the return function, i.e. h is an averaging

function.

3.1.2. When f is Convex and 3-Strongly Smooth

We now look at a more restrictive setting, in the sense that this setting allows us to have a
much stronger bound than the bound given in equation 8. Again, we state the result first, then
give a convergence proof for the same.

Theorem 1.2. If f: X — R is convex, S-smooth and Vz, Vf (xt) exists, we can say

1 1 D}

N < —. .2 9
7Y S 57 ©)

Proof. From the convexity and smoothness of the function f, we have, respectively
fx > f (xt) — <Vf (Xt> , xt— X*> (10)
2
F) 7)) ) O

2

From the update equation of Gradient Descent, we can replace x'*! with x* —n, - Vf (xt).
Therefore, we get

g1 2
1) s s () el a
Subtracting equation 10 from 11, we get
1
v = (5o D) e ) - (9 () %)

1 ¢ 1 t t *
= <§_m) ||77t~Vf(X)||§—E<77t'vf(x)vX _X>

Using property 7a, we can write this, similarly to the previous case, as

B 1 1

s < (2 _ n) e 97 () 3+ 5 (D7 + [l V7 (1) [ - D2
1 B8 1 2

Q1 < 2, (Df - D?+1> * (2 B 277t) e -V f () [



Suppose if we set n; < %, then the second term is always positive. Hence, we can write

1
o < o (D}-D,)
t = o, Ut t+1
Adding for t =0...T, we get
d 1
S o < 5 (Di-Dh)
t=0 210
T 2
1 1D
— p, < =0
— T Z b= 2n
t=0
This completes the proof. O

Therefore, we can see that this bound offers much more than the bound in the previous case,
as we can see that for large values of T', the bound will tend towards 0, and hence we can be
sure our estimate of f (x*) is good.

Also, similar to the previous case, we can write, using the properties of convexity,

) 1 1 D} .
fx = f T;X < %'?‘i‘f(x)
_oRpx] < LD (12)
- 2n T

Remark. In this case, setting n = % would result in the most optimal bound.

Remark. The bound in this case is O (%) and therefore the convergence will be much faster
and better in this case as opposed to simply convex case with bounded gradients.

3.2. Momentum

The gradient descent algorithm described above exhibits good convergence properties for "nice"
functions (having smoothness and convexity/strong convexity properties). However, for poorly scaled
objectives, for which in each dimension, the objective changes very differently, Gradient Descent may
converge very slowly. This is because sometimes the updates get trapped in narrow valleys, where the
direction of steepest descent for a given rate parameter causes the updates to oscillate between two
sides of the smaller axis of the valley, and correspondingly move very slowly through the larger axis
of the valley. Ruder (2016)

A solution devised for this problem was inspired from a physical analogy of a ball rolling down a hill.
The ball has some momentum associated with it, and thus on the basis of this virtue, it can move
past small bumps (local minima) and narrow valleys (poorly scaled regions). It takes into account
a convex combination of the current and previous updates, ain to giving the updates a short-term
memory. An additional parameter (3 is added to the GD updates to account for this momentum term,
and correspondingly the updates become

zZt = pxP+ V(XY

Xt = gt gttt



which amounts to
xt = x!—aVf(x) + B —xI) (MOMENTUM)

The convergence rate of this method compared with the above method shows that the condition
number, denoted by k = g, plays a large role in the speedup obtained using momentum. The
gradient descent method, a-s.c. and (-s.s convex function gives the following result

K —

I x| = S ]x-x
K41

*

However, using momentum yields us the following result:

th—x* _ @on_x*
VE+1
This means for a sufficient large £ = 100 the optimum is reached 10 times faster.

We consider a convex f which is S-strongly smooth, and derive the convergence rate for the Lyapunov
function, ®; = f(x') — f(x*).

Theorem 1.3. If f is convex and L-SS, then the above updates satisfy, for learning rate « an
momentum parameter 3,

RIx] = J®-f6x) < g (20041 n}) (13)

That is, the error scale down inversely with the number of time steps.

Proof. We assume € []0,1). Also, define:

iy

_ t o t—1
Pt = 1= ﬂ(X X )
from which we have o
x4pt+1 = x'+p'— mVf(xt)
Consider
2 2 2a @ 2
R I e I e R LT el WA
2a 2a3
— Xt"‘pt—X* /= . Xt_X*,V Xt _ t—Xt_17V Xt
I 5 o) = 5= 5! i
2
« 2
+ (125) I9se)]
From the strongly smooth property, it follows that:
_ . 1 _
IVICH | < L =x"L VAN = F) + 57 [ VIO [P < (x =xL V)

(14)

2



Using these inequalities, we get

2 2
= e x5

i s + (125) 195600

t * 1 t 2
() = FO) + 57 [ VFED 1)

H X1 ppttl _

2c
1-5

Applying convexity to the inner product, we obtain

2 2«
= e 2

wa—ﬂf1»+(

t * 1 ty |2
(f(X)*f(X)JrﬁHVf(X)H)

H X pttl g

2
1-5

«

1-p

) s P

Now subtract % f(x*) from both sides and collect the terms to obtain

2 20{5 Xt— 1y <*
< U - 16)

HXt—‘rpt—x*
1 ¢
(1?5) <lfﬁ_L> va(X)HQ

For o € (0, (1 — B)/L], we take o = (1 — 8)/L, so that the last term vanishes to give

(225 + o5 ) ) = ) et et -

2

+

2 208 t=1y _ f(x*
< m(f(x ) = f(xY))
|2

+ “Xt+pt_x*

<1mﬂ+aaév)wﬁg—ﬂf»+Hf“+p“r—ﬁ

Sum over both sides, to get

2c I 2a6 *
@6)%?” = (Oﬂ?)%+H£_x

This gives us our required inequality. O

2

From the bound above, we can see that the function h will be an averaging function in this case as
well, and we can find the regret bound for this case similarly. Also, in this case, the regret bound will
be O (i)

T

3.3. Nesterov’s Accelerated Gradient

NAG also takes advantage of the momentum term in the update equations, however the updates are
made smarter to slow down when close to an optima. NAG obtains this by adding a lookahead term
in the update equations. Figure 1 below roughly describes the difference between the updates. Notice



Figure 1: A look on updates for Momentum and NAG
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that the update in NAG first applies the momentum term, and then at the new position, applies the

corrective gradient

update.

For NAG, we consider the case where f is convex and (3-SS.

Theorem 1.4. If f is convex and 3-SS, then Nesterov Accelerated Gradient satisfies

FxT)-rex) <

26D
(T —1)

Proof. From the S-Smoothness of the function f, we have

/)

= f (le)

IN

IN

Using the convexity of function f, we can write

using equations 16

fx) =

= f(x) >

and 17, we can say

) -re < (5

We can now move on to find a bound similar to given in the theorem. First, note

AP @i — Ay

O = N

F0) + (Tf(20), x4 =5

1) ( - ) B

>> LB H L0

£&D) + <Vf(Z‘“), x — 20}

F(z0) +

NV g

A <f (x+1) -1 <x*>) A=) <f () -1 (xt))

Ui

1
_ > H <+
n

2 1
L
2"

(Ae —1) - @)

< L _ (1), x—z(t)>

1 (0 5 0

)

Since V't > 0, Ay > 1, using equation 18, we can derive the following inequality

4 (3-5) 1=

A2y —

/\ -0, <

+

M

Ui

. <Xt+1 —z2® x4+ (N —1)-xt =\ z(t)>

—g®

|+

(15)



Now, suppose we fix n = 1/8. Therefore, we can rewrite the above inequality as
2
APy — A B < —g : (H At (x”l - z(t)) H —
2

- 2</\t~ (xt+1 fz(t)), N —1) - xt =\ ~z(t)>)

From property 7b, where a = A; - (xtH - z(t)> and b= x*4+ (A, — 1) -x* — A, - 2z(Y)| we can write this
as

2

AP — A, < —g‘(H)\t-xtﬂ—()\t—l)-xt—x*

2

— H)\t-z(t)—()\t—l)-xt—x*

o

Now, from the definition of z¢*1) | we can write

S VAT g - (Xt _ Xt+1)
— )\t+1 . Z(H—l) = )\t+1 . XH_1 + (1 — )\t) . (Xt — Xt+1)
— >\t+1 . Z(t+1) — ()\t+1 — 1) . Xt+1 = )\t . Xt+1 - (Af — 1) . Xt (20)

We can substitute the term in equation 19 using equation 20. Now, define u; = \; - z(¥) — AN—1)-

xt — x*. Therefore, we can write

AN Dy — A B < g

2 2
(el = e 13)

Adding this from ¢ =0,1...(T —1)

B 8
A ®p < 5'<||110H§—||UT||§)+/\(2)"1’0 < §'||u0||§+/\<2)'q>0

We know A\g = 0. Also, using induction, it is easy to see that V¢ > 2, \; > t/2. therefore, we have

28 |luo s 28D

R ¢ s R (S

O

From the bound given above, we can see that the function h simply returns the value from the last
iteration. Also, the bound in this case is much stronger, with O (7z).

4. Stochastic Optimization

Deterministic methods, although guaranteeing convergence, can be slow and each time step can be expensive
to perform. However, most convex functions can be written as a sum of simpler convex optimization
objectives. In such a case, optimization can be made more effective by taking gradient steps with respect to
each subfunction. Such an optimization technique is termed as Stochastic Optimization.

10



Logistic Regression with mini-batch learning can be seen as a simple example for Stochastic Optimization.
The generic adaptive method for Stochastic Optimization is given in Algorithm 2, however we still do not
give the forms of the functions {¢x, ¢t}tT:1, which vary depending on different algorithms.

Stochastic Optimization has a natural annealing property which makes then suitable for even non-convex
optimization, however a theoretical convergence guarantee cannot be formulate in that case.

Algorithm 2: Generic Adaptive Method

Input: step sizes {m € R*}Z;l, a sequence of functions {gbt,q/Jt}tT:l, and a sequence of

convex sub-objectives { ft};[:l
Output: x € H, where x =h (x(l) .. .X(T))
Steps:

1. Initialize x(©) € H

2. Fort=1...T, do

g = Vi (x')

m; = ¢ (g1...8t)

Vi = Yi(gr...8)
XD () ntVt_l/th

3. Return X = h (x(l) . X(T)>

4.1. Stochastic Gradient Descent

Parts of this section is borrowed from Kapoor (2018). In cases of large amount of data, the objective
function that has to be calculated and correspondingly its gradient for the update steps in optimization
procedures scale linearly with the data. Thus, sometimes the subset of data is chosen and gradients
are calculated according to that subset of data. SGD is restricted to optimizations of these types,
where the data parameters control the value of the function, and the data is assumed to be sampled
from an unknown data distribution, D.

Let us denote the parameter of choosing as @ ~ D. Then the function is of the form f(x;8), such
that

fx)= E [f(x;0)]

6~D

Therefore, we can choose our sub-functions to be of the form

A
fix) = f(x;0¢)
where 6; ~ D is an arbitrary value sampled from the data distribution i.i.d.

In the update equations for SGD, we assume ¢, to return the last gradient, and v, to return I. More

11



formally, SGD follows the update equations from Algorithm 2.

Or(gr-..8) = g and Y(gr...g) = 1 (SGD)

Also, since the data points () are assumed to be i.i.d, we can say the following about the gradients
8t

Ble|#| = Vi
where H; is the history of g;, H: = {g1,82...8:—1}. The above equation is satisfied as
Ele(x)] = E[Vf(x0)] = VE[(x0)] = Vf(x)

The convergence analysis of the above algorithm is presented for convex f with bounded gradients.
It is also assumed that C is convex. Another assumption we make is that f(x,6) is convex for all .
Also, || I, < G.

Using convexity condition between x! and x*, where the latter is the optimum, we get
fx) = f(x") < (V)X —x")

This is not particularly useful to us, since the algorithm deals with g; instead of V f(x'). Therefore
we work with f(x,6) and g;, and then take expectation over ¢ on both sides. This will get rid of 6.

fx'0) = f(x5,6Y) < (g,x' —x7)
We now take expectation (E[:|H;]) on both sides:

)= fx) < (gex' —x7)

2

BRNC B L
- 2 2n 2n

2 2 D2
< nGijL&, 131

2 2n 2n

We now take the expectation w.r.t 7, on both the sides, and sum over all t. The term D} — D7,
Dqy_.
G

telescopes, giving the following result for n =

3

. . 2G2D?
TEFE] < foy+ ==

Since the procedure is stochastic, we need a Chernoff-like bound for the convergence of f(x?)- f(x*).
For this, we propose 3 claims, for which the proof can be referred to in the cited article:

Claim 1.1. With high probability(1 — ¢),

S~ F,09) < VTlog(5)

Claim 1.2. With high probability(1 — ¢),

IN

S0~ ) < VTlog(5)
Claim 1.3. With high probability(1 — ¢),
SO0~ F0,0) < VTog(3)

12



4.2.

Combining the above 3 inequalities together, we get, w.h.p(1 — ¢)

IS - ) < —=log(2)
T N

which gives us a confidence bound on the convergence of the function to its optimum.

Adam

In case of Adam (and AdaGrad, later), we define the regret to be with respect to each subfunction,
and therefore the total regret is written as

T
RT) 2 Y fulxt) — fulx") (21)
t=1

This is because all operations are done pointwise, and therefore the expected values of the gradients
is difficult to compute.

Adam, short for Adaptive Moment Estimation, given by Kingma and Ba (2014), is an Adaptive
Method and a variant of AdaGrad, which gives Exponentially Moving Averages. The key idea is to
use exponentially moving average as function 1; instead of the simple averaging function we have seen
until now.

Although other popular Adaptive Methods based on Exponentially Moving Averages exist, such as
RMSprop, Nadam and AdaDelta, we only discuss Adam and its convergence in this article.

The update step for Adam is given as below

Gr(81...8) = Pr-de—1(81-..8-1)+1—p1) 8

A
Ve (g1...8) = Po-ti1 (gl...gt_1)+(1—ﬂg).diag<gf) (ADAM)

There is an additional initial bias correction step (see Kingma and Ba, 2014), where we write

~ m; < \Z
m; = and V;, =

1-pt 1-p5

and use these instead of m; and V, in the update step.

4.2.1. Convergence Analysis of Adam

We give the same convergence analysis as given by Kingma and Ba (2014), but there are a
few mistakes in the convergence analysis provided by them. We tackle these mistakes and
try to give a better proof. As was previously done, we first state the regret bound and the
assumptions required to obtain the bound.

Note. g;.;; denotes the vector [glyi, 92, -+ Gt ]T for the following discussion

Theorem 1.5. For a series of convex sub-functions { ft}thl which have bounded gradients,
ie. VX € R, [[Vfi (x)|l, < G and | Vfi (x) ], < Gs and distance between any points x*
generated by Adam is bounded, i.e. Vi,j € [T], H X; — X H2 < D and sz - X;j HOO < Dqo,
then Adam achieves the following guarantee, for all T > 1,

1 D? n(1 T—
oy (v172) 4 2L L5 QZHgmuQ S 7

D= =5 | 75, ﬁ — N2

13



where 1,32 € [0,1) such that 2 j[; < 1, and we set n; = % and f1,; = B A" where

Ae(0,1) ’

Before giving the proof, we first give two lemmas which will help us in deriving the final regret
bound for Adam.

Lemma 1.5.1. If gradients g; = V f, (x') are bounded, i.e. || g ||, < G and [/ g |, < G,
then Vi€ [d]

T 92'
S5 < Gl
t=1

Proof. The proof is straightforward using induction over T. The base case, with T = 1
clearly satisfies the hypothesis. Now, suppose the hypothesis is true for all T'— 1, then we can
write

T 2 7
9t . IT.i
; ; < QGOO || g1:7—1,i ||2 + T
5 9%
= 2Gs H 81:7,i ||2 - 9:2r,i + Tﬂ
2
92 ) g2A,
< 2G4 (H giri |, — QHngi’ilH> + ;z
U2
2 2
< 2G4 || 81.7,i ||; - I + oL

2\/TG2, T

where the last inequality comes from the fact that 2 H g1:T,i || > 9%,1' and the boundedness of
the gradients. From this, we can directly write

T [g2.
Z % < 2Goo||g1:T,z‘H2
t=1

We now give the second lemma that will help us prove the regret bound for Adam.

Lemma 1.5.2. For 1, 33 € [0,1) that satisfy v = \/’8/% < 1, and bounded gradients, i.e.

llgtlls <G and | gl < Goo, the following holds

zT: i < 2. H g1.T,i H
=1 ti]\tﬂ' (1 - ’7) \% 1- BQ w2

14



Proof. Expanding the last term in the summation on the LHS, we get

2
T _
Lo, 1 oge A (S (- 80 BT )
Y= = o Y = -
=V =1 VR (1 A ) \/T > =1 (1= B2) By gtzz

2
T _
@ = mfl 1 (thl 1Ttgt,¢)
a t=1 \/tAtﬂ \/T(l_/32) \/Zle
Tt \?

s
t=1 \/tAt,z VT(1-5) = \/Zt/ IBT Y9?

2
© = m2 1 ) (f_tgti)
<

< S
= Vit VT -B) \/ﬂ gtZ

T—t
@ = M ! 5
< =+ 1 Gt,i
2 Vi m—ﬂ? 2\vm) o
(© & mi d
< i ST=tg
L e
The first inequality (a) is from the assumption V¢ € N, ¥ < The inequality (c)

( ) =
is from the fact that V¢ € [T], gtgfl Zt, L BE- 7 i

Using the same arguments, we can upper bound the summation. Therefore, we get

2 T
t,z _
Z Ve T & mz”
T
< g
E{m s

b N
(L=NV1-P2 \/i

Applying Lemma 1.5.1, we can write

e
— A = (1_7) 1_62 i 81:7,i

O

We can now move towards a proof for Theorem 1.5. As suggested by Kingma and Ba (2014),
the update using 3; at a time step ¢ is replaced by 81, = 81 A" where A < 1 but very close
to 1.

Proof. From the convexity of the sub-functions, we have for all t =1,2...T,

d
fi(x) = fi(x) < (g, xt—x*) Z (x40 — x7)
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From the Adam update rules, we have

B A ntV_l/
= x'- Z—tV_l/2 ([31 g+ (1= Big) - )
1
— (Xt+1 B X*) - (x-x) - - ntﬁt ‘/\[15_1/2 (517t my 1+ (1-By) - g
- M

If we consider only the i*" coordinate, we get for all i € [d]

s si) =)~ (e )

($t+1,z‘ - 30:)2

Il
—
8
|
5]
SN—
_l’_
=
N
VR
~—
[V

1-p¢ :
O (1= p¢
= gri(vi—xf) = M ((xtﬁi —2})" = (@i - aj:)Q)
- 2
+ UG (1 51) Mii + ﬂl’t CMp—14 (xf _»”Ct,i)

2(1—Bie) Vo 1B

Consider the last term on the RHS in the above expression.

~1/2

B, m (z* " ) . B, V1, o B, Nt—1
CHM—14 N - i tf R
1=Pue o ' L=Fie Vo me— i ’ 1— B vtl/21

Bi4v/ Ve—1, Ne-1P1e  Mi1s

)

2
2ni—1 (1= B1) (o0i = 0)

Using this, and the fact that 5, < 81, we can write

gri (we;—ay) < inlﬁl) ((wm - xf)Q — (T4, — xf)2>
Ui mt22 + Blt\/vt 1,0 ({E '—$:)2
2(1—B1) /o, 2ni1 (1= B1)

5
Bim—1  Mi_1,

2 (1 - 51) vV i]\tfl’i

+

+
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Summing this over t = 1...T and rearranging, we can write

T T
, L+ Bt — P w2 /=

E i i X < E P rE e — i) Vi

t=1 o (l‘t, ! ) 2m (1= B1) (xt’ ! ) o

t=1

! (xm - x?)Q vV ﬁ75—1,1'
£1)

T
;277:&71(1— 1
T

B, N2 =

+ o i~ T ) VVt-1,i
;27% 1(1*51)(% 7)) Vi

n i Ur m?z +i Bine—1 mt271,i
3-8 Vo, 2220 -B) o

t

T
Bt w2 =
< — i Ti) /Ui
- ; D (1 ) () VR
T = ~
1 a2 [ VUi VU1,
+ tz:; 2(1-p4) (xt’z xl) < ur Ne—1
n ZT: Ur m?z I ZT: Bine—1 m?*l{i
=1 2 (1 - 51) \/i]\t7Z (1 - 61) \/i}\tfl)i
+ ; (961,2‘ - xf)2 51,2‘
2m (1= p1)
Using the assumptions H ¢ , < D and H ¢ “|lo < Do and applying Lemma 1.5.2,
we can rewrite this as
T 2
th,z (xt,l x@) - 277 (1 — 61) Tvt,z + (1 — 51) @(1 — "Y) || 81:T,i ||2

+7MZ B, i
= 11—51

L& D’ = n(1+p1)G
= DD gus(wes—ai) = mz Tt 61)\/7

i=1t=1
o0 B
+ *22155“ 00,

=1 t=1

Note, the LHS is simply the regret term. Therefore, we have

D? R n(1+6)G
n = m? T ey X e
B
;;1—51

17
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We can observe that /v;; < H 1t | 5, and
ﬂl t 1 d t—1

< A t

Silih < TRk

1 T
< ATt
1

<

Therefore, we can write the final regret bound as

1 D2\/T ’\1/2 1+51 dD Goo 1752
RT) < =5 | =, Tr(V >+\/7 ZHngsz ~V?

The above analysis can be convincing that Adam is a good optimizer, and provides very good
convergence. However, Reddi et al. (2018) have shown that Adam, in fact, does not provably converge,
even for simple convex problems. We discuss this non-convergence in brief in the following section.

4.2.2. Non-Convergence of Adam

Reddi et al. (2018) proved the non-convergence of Adam by an example. We discuss the same
proof by example here.

Consider a setting where each subfunction f; is a linear function (and therefore convex) with
the domain X = [—1,1]. We write the form of each subfunction as follows

filx) =

Cz, fort mod 3 =1,
—z, otherwise

where C' is constant such that C' > 2. Clearly, the regret (Equation 21) is minimized for the

point z* = —1. Suppose we start the algorithm at o = 1 (without violating any assumptions

regarding the algorithm).

Note. This is a constrained optimization problem, and therefore we need to introduce a
projection step. The projection in this case is simple, since the vector space is 1-D, in which
case the projection will be a Euclidean projection (Reddi et al., 2018). We denote the update
before taking the projection with a hat symbol above the data point. This however does not
disturb the analysis provided in the prior section.

Consider the execution of Adam algorithm with

1 1
— - d -
P1=0, f2=7 oz and me=p

where 1 < /1 — B2. All the conditions of Adam are satisfied, and therefore, Adam should
converge for this objective.

The proof is given using induction, where the outline is that every third update step sets the
value of x; to be equal to 1. More formally, V¢ € N|J{0}, we have x3; = 1. This is satisfied
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for x = 0 from our choice of the starting point. Then, we need to prove that if vxs; is 1, then
X3¢+3 18 also equal to 1.

Firstly, observe that we can write the gradients as

C fortmod3=1
Vhile) = {—1 otherwise
Then from the (3t + 1) update, we can write
341 =  Tap — n<
VBt + 1) (Bavz + (1 — B2)C?)
4 nc
- VB 1) (Bavse + (1— B2)C?)

nC
VBt 1)(1 = B)C?

Since we have 0 < n < /1 — P2, we can say 0 < x3;41 < 1.

The next two updates are given as

R n
T3t42 =  Tap1 t
\/(3t + 2) (52U3t+1 + (1 - /82))
~ _ n
T3t4+3 = X342+

V/ (3t +3) (B2vsit2 + (1= B2))

Therefore, x3413 > 3112 > 3041 > 0. Hence if x3410 is equal to 1, then from the projection
step, zs¢4+3 has to be equal to 1. Otherwise, we can write the value of Z3;y3 as

) o U
T3t43 = T342+ \/(375 3 Gavwr s £ (L= )
= T3t+1 + 1 + U
VBt +2) (Bovzirr + (1= B2)) /Bt +3) (Bovzisa + (1 — B2))
> — 770 + n
- VB = 52)C? /(3 +2) (Bavzrsr + (1= F2))
U
i V (3t + 3) (Bavsi2 + (1 — f2))
Let T = ul ul , then

+
\/(3t+2) (ﬂ2'USt+1 +(1—52)) \/(3t+3) (B2'U3t+2+(1—B2))

T > " ( LA )
T VBCET+(1-B) \VBt+2  /3t+3

n 1 B 1
VB2C2 + (1 — B) <\/2(3t +1) V20t + 1))
V21
(3t +1)/B202 + (1 = fa)

Using the fact that By = 1/(1 + C?), the last expression is equal to m

Therefore,

n

T2 Gna-a
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Puttin this back, we get

n

CES TS

T3p43 2>

Hence, our claim is true.

Reddi et al. (2018) proved an extension to this as well for more general settings, which allowed
the analysis to extend to other methods such as RmsProp, Nadam, etc. This simple one
dimensional convex example shows that Adam in fact does not provably converge.

Reddi et al. (2018) claim that this non-convergence is attributed to the fact the quantity

- ()
t+1 =

Nt+1 Mt
is not positive-definite, which is the case for other stochastic methods such as SGD and AdaGrad.

Remark. We believe that the proof is invalid because of the inconsistencies in the update equations
and the analysis, where an alternate to 3; is used, ¢.e. 3. The updates are assumed to be using
this while the main theorem is being proved, however, this creates two problems (a) the bias is not
corrected anymore, (b) Lemma 1.5.2 does not directly hold when f; is replaced by (;1+ due to the
added A" term (for some r) in the numerator. This suggests that there are inconsistencies in the
proof, and the proof is not reliable.

4.3. AdaGrad

AdaGrad (Duchi et al., 2010) is a special case of Adam, and uses the same update rules, with the
values of 81 = 0 and 2 = 1. From Algorithm 2, we can write the functions for the update rules as

diag (Zle g?)
¢e(gr-.-8) = g and Yi(g1...8) = - (ADAGRAD)

Since in this case §; = 0, we can set the value of lambda = 0 as it would not affect the updates at
all. Since in this case, the inconsistencies discussed in the previous section are removed, we can use
the proof to get a convergence bound for AdaGrad. In this case, we directly state the results and skip
the intermediate calculations.

Theorem 1.6. For a series of convex sub-functions { ft}thl which have bounded gradients, i.e. Vx € R,
| Vfi(x)|l, <G and || VS (x) ||, < Goo and distance between any points x* generated by AdaGrad
is bounded, i.e. Vi,j € [T], ||x; —X; H2 < D and H X; — X Hoo < D4, then AdaGrad achieves the
following guarantee, for all T > 1,

2

1 d d T
RT) < g 3 yTetnit 35 JZL
i=1t= j 1g_72

i=1

where 1, 32 € [0,1) such that v 2 ﬁ(l% < 1, and we set n; = % and 1, = B1 A1 where X € (0,1)

Remark. Duchi et al. (2010) have presented great details in their paper, as well as proved convergence
guarantees for various cases with AdaGrad.

5. Conclusion

We surveyed different methods of convex optimization, both deterministic and stochastic. We also looked
at the non-convergence of Adam, which is a powerful and widely used optimizer, yet it does not guarantees
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convergence, even for simple objectives. We point some inconsistencies in the proof of convergece for Adam,
and present an example that shows the non-convergence of Adam even in the simplest of settings. However,
still Adam remains a powerful optimizer, due to its fast convergence, if present, and it converges for most
objectives considering random initialization.

While the analyses of these algorithms is certainly a useful tool for selecting the appropriate optimization
method for a given problem, in practice many of the objectives are non-convex. In that case, rigorous proofs
may not be available for the convergence of these algorithms, or even if they converge. In that case, we are
forced to look at empirical evidence of performance of these methods on non-convex objectives and particular
cases such as saddle points, shallow local minima, and so on.

Empirical results in most cases, along with non-convex have shown that adaptive gradient methods are
better at performing than their counterparts. Momentum is in particular a very useful method to traverse
shallow local minima and poorly scaled objectives, common in neural network training. As the theory for
neural neworks develops further, we may find newer problems to overcome and develop algorithms suitable
for those tasks. Many new variants for convex optimization are arriving, however only very few of the stick
in the Machine Learning Community.
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